The formalism of an equation of motion phonon method is briefly outlined. In even-even nuclei, the method derives equations of motion which generate an orthonormal basis of correlated n-phonon states (n=0, 1, 2, ...), built of constituent Tamm-Dancoff phonons, and, then, solves the nuclear eigenvalue problem in such a multiphonon basis. In odd nuclei, analogous equations yield a basis of correlated orthonormal multiphonon particle-core states to be used for the solution of the full eigenvalue equations. The formalism does not rely on approximations, but lends itself naturally to simplifying assumptions. As illustrated here, the method has been implemented numerically for studying the electric dipole response in the heavy neutron rich F. Self-consistent calculations, using a chiral inspired Hamiltonian, have confirmed the important role of the multiphonon states in enhancing the fragmentation of the strength in the giant and pygmy resonance regions consistently with the experimental data.
Introduction
Several extensions of the random-phase approximation (RPA) have been developed recently in the attempt of properly describing the anharmonic features of collective modes and the fragmentation of giant resonances. Most of these extensions, known as second RPA (SRPA) [1] [2] [3] [4] [5] , couple the particle-hole (p-h) or quasiparticle (qp) RPA modes to the 2p2h or 4qp configurations. This is also achieved in a relativistic approach, known as the relativistic quasiparticle time blocking approximation (RTBA) [6, 7] . Another variant is the particle-vibration coupling (PVC) [8] , where single-nucleon states couple to collective lowlying nuclear vibrations or phonons.
The more phenomenological quasiparticle phonon model (QPM) [9] , which uses a separable Hamiltonian in a multiphonon space covering up to a fraction of three RPA phonons, has been used for many systematics [10] .
All the above approaches were adopted to study the fragmentation of the giant dipole resonance (GDR) and to clarify the nature of the low-lying dipole excitations detected in neutron rich nuclei [11] [12] [13] [14] and presumed to be a manifestation of a soft mode, dubbed as pygmy dipole resonance (PDR), arising from a translational oscillation of the neutron skin against an N=Z core [15] . An extensive list of theoretical and experimental works can be found in [16, 17] .
Describing the even nuclei beyond mean field is also necessary for investigating the role of the core excitations on the spectroscopic properties of odd nuclei.
In recent years, in fact, several formulations of the PVC, routed in the density energy functional (DEF) theory, have been proposed for this purpose. The functionals adopted were derived from Skyrme forces [18] [19] [20] [21] [22] [23] [24] or from relativistic meson-nucleon Lagrangians [25] [26] [27] [28] or based on LandauMigdal theory [29] .
Other calculations, like the microscopic quasiparticle model (MQPM) [30] or the QPM [31] , used directly effective interactions.
A unified description of low and high energy spectroscopy in both even and odd nuclei using realistic interactions is provided by the equation of motion phonon method (EMPM). This method was formulated a few years ago for even-even nuclei [32] [33] [34] and extended recently to odd systems [35] . It uses a spherical basis and, therefore, is suited for spherical nuclei.
In even systems, the EMPM derives a set of equations yielding a basis of orthonormal multiphonon states, built of phonons obtained in the particle-hole (p-h) Tamm-Dancoff approximation (TDA), and then solves the full eigenvalue problem in the space spanned by such a basis.
The method was mainly adopted to investigate the dipole response in heavy neutron-rich nuclei [36] [37] [38] in a space including up to two phonons. More recently, it was formulated in a Hartree-Fock-Bogoliubov (HFB) quasiparticle scheme and employed to study the full spectrum as well as the dipole response of the neutron rich 20 O [39] . In its extension to odd nuclei [35] , an analogous set of equations is derived and solved iteratively to generate an orthonormal basis of states composed of a valence particle coupled to n-phonon states (n=1, 2, ... n ...), also generated within the EMPM, describing the excitations of a doubly magic core. The basis is then adopted to solve the full eigenvalue problem.
Here, we outline briefly the formalism in both even and odd systems, specify how it is implemented numerically and applied to the study of the dipole response in neutron-rich even-even nuclei as well as in the odd 17 O and 17 F. 
Equation of motion phonon method in even nuclei
After expanding the commutator, we obtain the eigenvalue equations
Their solution yields the TDA eigenvalues w l and the
is the p-h TDA phonon operator.
In closed shell even nuclei, we intend to determine an nphonon basis composed of states of the form
where the TDA phonon operator O l † (9) acts on the n 1 -( )-phonon basis states n 1 a ñ -| , assumed to be known. We start with the equations of motion
where the subscript n has been omitted for simplicity and will be used when necessary. Upon applying the Wigner-Eckart theorem, we obtain the equivalent equations
The amplitudes X are related to the expansion coefficients C la b of the states (10) by
is the overlap or metric matrix which reintroduces the exchange terms among different phonons, and therefore reestablishes the Pauli principle. After expanding the commutator and expressing the p-h operators in terms of the phonon operators O l † upon inversion of equation (9), we obtain [34]
The phonon-phonon potential is given by
The sums run over particle rs pp = ¢ ( ) and hole rs hh = ¢ ( ) states.
The phonon matrix  b is formally analogous to the TDA matrix A l . The first is deduced from the second by replacing the p-h energies with the sum of phonon energies and the p-h interaction with a phonon-phonon interaction [34] .
Expressing the amplitudes X (equation (13)) in terms of the coefficients C la b through equation (14), we can cast 
This equation determines only the coefficients C la b of the N ndimensional physical subspace. The remaining redundant N N r n -coefficients are undetermined, and therefore, can be safely put equal to zero. The eigenvalue problem within the n-phonon subspace is thereby solved exactly and yields a basis of orthonormal correlated n-phonon states of the form (10).
Since recursive formulas hold for all quantities entering  and , it is possible to solve the eigenvalue equations iteratively, starting from the TDA phonons, and thereby, generate a set of orthonormal multiphonon states 0 , , ...
The multiphonon basis n a ñ {| } is finally used to solve the eigenvalue equations in the multiphonon space
where the potential has the structure
Their solution yields the final eigenvalues  n and the corresponding eigenfunctions
This state is a linear combination of the HF vacuum and of the states n a ñ | describing the excitations of fully interacting np-nh configurations. Therefore, our approach is equivalent to a large scale shell model in a space spanned by np-nh (n = 0, 1, 2, 3, K.) configurations.
In a space encompassing up to two phonons, our formalism can be considered as the TDA counterpart of SRPA [1] [2] [3] [4] [5] . The use of TDA constituent phonons, however, has enabled us to generate an orthonormal basis of fully interacting correlated two-phonon states obeying the Pauli principle and to get an explicitly correlated ground state. SRPA, instead, incorporates only effectively the ground state correlations and relies on the quasiboson approximation which creates double-counting problems and produces uncontrollable uncertainties inducing serious instabilities [3, 4] .
The reduced transition amplitudes of a λ-multipole operator  lm ( ) are given by 
where 
the scattering term between states with the same number of phonons n i .
Equation of motion phonon method for odd nuclei
An analogous procedure is adopted to generate an orthonormal multiphonon particle-core basis for a valence nucleon external to a doubly magic core, and then, solve the full eigenvalue problem. The basis states n n ñ | of spin v are meant to have the particle-phonon form
where an odd particle p is coupled to an n-phonon core state of the form (10) (the subscript n is omitted for simplicity).
In perfect analogy with the even-even nuclei, we start with the equations
where E ν are the eigenvalues to be determined and
After expanding the commutator, we obtain
a a n a a a a n a n
The particle-phonon potential is given by 
a a a n a a a a n a a n a n 
This overlap matrix reintroduces, through the density matrix, the exchange terms among the odd particle and the n-phonon states, and thereby, re-establishes the Pauli principle. Equation ( ) within the n-phonon particle-core subspace. Following the same procedure adopted for even nuclei, based on the Cholesky decomposition method, we extract a basis of linearly independent states p n v á ñ |( ) and obtain a non-singular eigenvalue equation. Its iterative solution, starting from n=1, yields the particle-core states n n ñ | (29) of energies E n n for n 1, 2 .... = , which, together with the single particle states 0 n ñ | , form an orthonormal basis. We are now ready to formulate the eigenvalue problem in the full space spanned by , , ... ...
where the matrix elements of  are non vanishing for n n 1 ¢ = + and n n 2 ¢ = + . Equation (37) yields all the eigenvalues allowed by the space dimensions. The eigenfunctions have the structure
where C p p n n n n n   = å a n n n n a n , having made use of equation (29) .
For both even-even and odd nuclei, the procedure does not rely on any approximation. The Pauli principle is fulfilled and the interaction between valence particles and phonons as well as between phonons is fully taken into account. Nonetheless, the phonon and particle-phonon structures leave room for controllable approximations.
Using the wavefunctions (38), we get the transition amplitudes of a multipole operator
, and 10  l nn¢ ( ) ( ) are, respectively, the particle-particle, particle-phonon, and phonon-particle transition amplitudes
Calculations and results
We used a Hamiltonian composed of an intrinsic kinetic energy term plus a NN optimized chiral potential V NN = NNLO opt [40] whose coupling constants were fixed through an optimization method in the analysis of the phase shifts, which minimizes the effects of the three-nucleon force. In heavy nuclei, where NNLO opt yields overbinding [40] and unrealistic HF(B) spectra [41, 42] , we included a phenomenological density dependent term V ρ derived from a repulsive three-body contact interaction [43] , which improved the description of bulk properties [44] and yielded more compressed realistic single particle level schemes [41, 42] . This term was not used in the region around 16 O, whose bulk properties are well described by the NNLO opt .
The above Hamiltonian was employed to generate the HF basis, and then, the TDA phonons. We removed [42] 
Dipole response in even nuclei
In heavy nuclei, all harmonic oscillator shells up to N 12 max = were used to generate the HF basis. The TDA phonons lñ | were determined in a space encompassing three major shells above and three below. However, almost identical results are obtained by using only one major shell below the Fermi surface.
The EMPM 1 -states were derived by diagonalizing the Hamiltonian in a space spanned by one-phonon
Pb, for instance, the two-phonon basis states were generated in a space spanned by the states The dipole cross sections of both nuclei, computed in TDA and EMPM, are compared with the experimental data in figure 1 . With respect to TDA, the EMPM cross sections get quenched and have a smoother behavior in better agreement with experiments. Their profiles arise from a huge number of weak transitions concentrated around the main peaks. Quenching and fragmentation are due to the damping action of the one-to two-phonon coupling, as shown in figure 2 for 208 Pb. A low-energy hump, corresponding to the PDR, appears at low energy in both nuclei. As shown in the insets, each hump follows roughly the experimental trend and arises from a number of levels comparable to those observed experimentally. Only a few of them, however, get a non negligible transition strength. These low-lying transitions contribute appreciably to the dipole polarizability In these nuclei, the HF basis was derived using all harmonic oscillator shells up to N 15 max = . A subset of the HF states so obtained, spanning a space of dimensions corresponding to . We have added also a set of three-phonon components p
. We had to make several approximations in order to include the latter states. We ignored the interaction between the valence particle and three-phonon states p p 3 3  a a n ¢ ¢ ( ) (33) ) in the equations (20) determining the core states 3 a ñ | . Furthermore, we neglected in the eigenvalue equation (35) the exchange terms between the odd particle and the phonons and put p p
. For the E1 transitions we used the intrinsic operator referred to the CM coordinate. This induces an effective charge e N A e p = ( ) for protons and e Z A e n = -( ) for neutrons. The effective charges do not affect the TDA core states, which are free of CM spurious admixtures in virtue of the orthogonalization method outlined already. It modifies, instead, the single particle contributions, especially the transitions between states of dominant single particle character.
Let us consider the dipole response in 16 O first. As shown in figure 3(a) , the TDA strength, which is displaced upward in energy with respect to experiments, gets shifted downward and damped by the coupling to three phonons. The resulting cross section gets peaked in the right position and follows closely the experimental trend. The two-phonons are practically ineffective.
In 17 O, the cross section gets displaced upward in energy by the coupling of the odd particle to the TDA phonons ( figure 3(b) ). As in 16 O, the cross section gets damped and down-shifted mainly by the couplings to three phonons. The shift, however, is insufficient. The comparison with the experimental data, in fact, shows that the peak is still too high and ∼2 MeV above in energy.
The phonon action in 17 F is analogous to the one exerted in 17 O. The cross section gets quenched and shifted mainly by the coupling to three phonons ( figure 3(c) ). Its behavior is smoother than in 17 O. We get, in fact, a broad wiggly hump, covering a wide energy range (20-40 MeV), which arises from a huge numbers of closely packed small peaks.
The damping of the cross section in both nuclei is caused by the very pronounced fragmentation of the spectra, composed of weakly excited levels, especially in 17 F, which are much larger in number than in 16 O. Indeed, when an odd particle is added to the core, the strength collected by each 1 -core state gets distributed among several states of spin 3 2 -, 5 2 -, and 7 2 -. All these transitions contribute on equal footing to the GDR (figure 4). The low energy region, instead, is dominated by the 7 2 -excitations in both nuclei. Two transitions to 7 2 -states in 17 F, accounting for ∼2% of the Thomas-Reiche-Kuhn sum rule, have been associated to the PDR [50] . Our findings are consistent with this assignment.
Concluding remarks
In heavy nuclei, the inclusion of a subset of the two-phonon basis states fragments strongly the dipole strength computed in TDA and, therefore, enhances greatly the density of levels. Because of this strong fragmentation, the profile of cross section becomes smoother in both nuclei consistently with experiments. In light nuclei, the two-phonon components are rather ineffective. The damping and energy shift was induced mainly by the three phonons. Their action, however, was not sufficient to reproduce peak and shape of the cross section in 17 O. A detailed analysis of the phonon structure of the wavefunctions suggests that it would be necessary to strengthen the particle-phonon coupling. This can be achieved by improving the HF level scheme. In the calculations reported here, in fact, the levels or groups of levels above the Fermi surface are too far apart [35] , a common feature of HF spectra derived from NN interactions [41, 42, 51] .
A more compressed HF spectrum would yield more closely packed TDA phonons and, therefore, might enhance the coupling of the one-phonon components to the HF vacuum and to the other n-phonon states. It might also allow us to eliminate the phenomenological density dependent potential included in the heavy nuclei just to get a more closely packed HF spectrum.
Such a goal can be achieved by a refinement of the NNLO opt potential or by adopting other versions of chiral potential like the NNLO sat [52] , which includes explicitly the three-body contribution and improves the description of binding energies and nuclear radii as well [53] .
The present calculations have illustrated the potential of the EMPM. The method has allowed us to incorporate configurations of increasing complexity up to arbitrarily high energies, and therefore, to perform large scale self-consistent calculations starting from bare NN forces. Moreover, the analysis of the phonon composition of the wavefunctions might clarify how the different n-phonon states of each multipolarity act selectively on the different observables. Such a detailed investigation may suggest reliable recipes for curing the discrepancies between theory and experiments.
